A general linear theory is presented which describes the extension of the convolutional method to nonstationary processes. This theory can apply any linear, nonstationary filter, with arbitrary time and frequency variation, in the time, Fourier, or mixed (time-frequency) domains. The filter application equations and the expressions to move the filter between domains are all ordinary Fourier transforms or generalized convolutional integrals. Nonstationary transforms, such as the wavelet transform, are not required. There are many possible applications of this theory including: the one-way propagation of waves though complex media, time migration, normal moveout removal, time variant filtering, and forward and inverse Q filtering. Introduction Nonstationary filtering is done routinely in seismic data processing (and elsewhere). Time variant filtering and the vertical extrapolation of a wavefield through a laterally variable velocity structure are typical examples. Time variant filtering has been implemented in various ways. The simplest method is to apply stationary filters to different overlapping trace segments and to interpolate them into a unified result (Yilmaz, 1986, p25-26). Pann and Shin (1976) , Scheuer and Oldenburg (1988) , and Park and Black (1995) all give more sophisticated techniques and the latter presents an excellent summary. Wavefield extrapolation through laterally varying media (i.e. depth migration) is usually done with either spatially varying finite difference techniques or spatially variant convolutional operators (Holberg, 1988) . Gazdag and Squazzero (1984) have accomplished wavefield extrapolation in this setting with the PSPI method which amounts to lateral interpolation between wavefields extrapolated with stationary Fourier phase shifts. Wapenaar (1992) , and Wapenaar and Dessing (1995) present a Fourier method of wavefield extrapolation through laterally variable media which is a nonstationary filter of precisely the type described here. Black et al. (1984) presented a Fourier domain expression for a similar wavefield extrapolation method. Many other seismic processing techniques, while not commonly formulated as nonstationary filters, can be recast in this way. For example, NMO (Normal Moveout) removal can be accomplished as a time variant time shift (i.e. a time variant static correction). Since a time shift can be done in the Fourier domain as a phase shift, NMO removal can be described as a phase shift filter whose phase is nonstationary. It then follows that Kirchhoff time migration is also a form of nonstationary filtering. Yet another related example is the frequency domain mapping from (ω,k x) space to (kz,kx) space, which is the key step in fk migration (Stolt, 1978) and is mathematically analogous to NMO removal. On a different track, Hale (1982) gives a Q adaptive deconvolution algorithm and a statement of constant Q theory in terms of a nonstationary filter.
Introduction
Nonstationary filtering is done routinely in seismic data processing (and elsewhere). Time variant filtering and the vertical extrapolation of a wavefield through a laterally variable velocity structure are typical examples. Time variant filtering has been implemented in various ways. The simplest method is to apply stationary filters to different overlapping trace segments and to interpolate them into a unified result (Yilmaz, 1986, p25-26) . Pann and Shin (1976) , Scheuer and Oldenburg (1988) , and Park and Black (1995) all give more sophisticated techniques and the latter presents an excellent summary. Wavefield extrapolation through laterally varying media (i.e. depth migration) is usually done with either spatially varying finite difference techniques or spatially variant convolutional operators (Holberg, 1988) . Gazdag and Squazzero (1984) have accomplished wavefield extrapolation in this setting with the PSPI method which amounts to lateral interpolation between wavefields extrapolated with stationary Fourier phase shifts. Wapenaar (1992) , and Wapenaar and Dessing (1995) present a Fourier method of wavefield extrapolation through laterally variable media which is a nonstationary filter of precisely the type described here. Black et al. (1984) presented a Fourier domain expression for a similar wavefield extrapolation method. Many other seismic processing techniques, while not commonly formulated as nonstationary filters, can be recast in this way. For example, NMO (Normal Moveout) removal can be accomplished as a time variant time shift (i.e. a time variant static correction). Since a time shift can be done in the Fourier domain as a phase shift, NMO removal can be described as a phase shift filter whose phase is nonstationary. It then follows that Kirchhoff time migration is also a form of nonstationary filtering. Yet another related example is the frequency domain mapping from (ω,k x) space to (kz,kx) space, which is the key step in fk migration (Stolt, 1978) and is mathematically analogous to NMO removal. On a different track, Hale (1982) gives a Q adaptive deconvolution algorithm and a statement of constant Q theory in terms of a nonstationary filter.
Theory
This theoretical sketch is necessarily brief and I provide much more detail elsewhere (Margrave, 1997) . The ordinary (stationary) convolution of a filter a(t) with a signal h(t) to give g(t) can be written:
It is customary to refer to a(t) as the "impulse response" of the stationary filter. There are many possible nonstationary generalizations of this expression. By requiring that the result correspond to the linear superposition of individual waveforms from a "nonstationary impulse response function", the nonstationary extension of equation (1) can be shown to be:
where a(u,v) is the nonstationary impulse response function. When an impulse arrives at the nonstationary system at time v = const, the response is a(u,v=const). Figure 1 shows an example of stationary and nonstationary impulse response functions represented as discrete matrices. It is well understood (e.g. Papoulis, 1977 ) that when equation (1) is transformed to the Fourier domain, the result is that the output spectrum is computed by multiplication of the input spectra (the convolution theorem). Equation (2) can be moved into the Fourier domain by taking its forward Fourier transform and inserting, for h(τ), its expression as an inverse Fourier transform of its spectrum. After some manipulation, the result can be written as:
where A(p,q) is the 2-D Fourier transform of a(u,v):
(u and v are time coordinates while p and q are frequency coordinates) and G(f) and H(F) are the ordinary Fourier spectra of g(t) and h(τ):
Equations (3) and (4) are a generalization of the convolution theorem to nonstationary linear processes.
Comparison of equations (2) and (3) shows that the nonstationary filter is a similar integral operation in either the time or the Fourier domain. Function A(p,q) is the representation of the nonstationary filter in the Fourier domain and, as equation (4) shows, is computed from a(u,v) by a 2-D Fourier transform.
To visualize the result, it is instructive to consider a discrete numerical example. Box A in Figure 2 shows the matrix form of stationary convolution (equation 1) for the case of a minimum phase wavelet being convolved with a reflectivity to produce a seismogram. The convolution matrix (a Toeplitz matrix) can be constructed from the matrix of Figure 1A by delaying each column such that its start time is on the main matrix diagonal. Thus any column is simply a delayed copy of the function a(t) in equation (1). Convolutional processes are said to be stationary because the wavelet (filter) is the same in all columns of the convolution matrix. In box B of Figure 2 is the matrix representation of the nonstationary generalization of convolution for the case of a bandlimited forward Q filter being applied to a reflectivity to produce an attenuated seismogram. The nonstationary convolution matrix shows a wavelet in each column which changes systematically with time. This matrix is the nonstationary impulse response function ( Figure 1B ) with u=0 shifted to the arrival time v of an impulse.
As mentioned above, the convolution theorem states that stationary filters can be applied in the Fourier transform domain by simply multiplying their spectra. Box C of Figure 2 illustrates this spectral multiplication as the product of a diagonal matrix with the spectrum of h(t). The main diagonal of the filter matrix contains the spectrum of a(t) and all other matrix elements are exactly zero. When the nonstationary formalism is moved into the Fourier domain, the result is also a matrix multiplication as shown in box D of Figure 2 . The nonstationary spectral matrix is formed by first computing the 2-D Fourier transform of the nonstationary impulse response function (equation 4). The resultant spectrum A(p,q) has one frequency, p, to describe the spectrum of the impulse response and another frequency, q, to describe the variation of p with time. In the limit of a stationary filter, the q spectrum contains only zero Hertz. The nonstationary spectral matrix has zero q on the diagonal, positive q to the left of the diagonal and negative q to the right. It operates on the spectrum of the input trace to produce the spectrum of the output trace. The strength of the off-diagonal energy (i.e. non zero q) is directly related to the degree of nonstationarity. As the waveform becomes stationary, the matrix in D becomes a diagonal matrix with the filter spectrum along the diagonal and the result is the simple multiplication of wavelet and reflectivity spectra shown in box C. The nonstationary filter can be applied efficiently in the Fourier domain by keeping only the significant offdiagonal terms.
An alternate extension to equation (1), also of interest, is
I refer to this result as nonstationary combination and reserve the term nonstationary convolution for equation (2). Though they are formally similar and both have stationary convolution as a limiting form, only the latter can be regarded as the linear superposition of the impulse responses of a nonstationary filter. Comparison of equations (2) and (6) shows that the distinction between nonstationary convolution and combination is that the former considers the temporal variation of the filter to be in terms of "input time" while the latter assumes "output time".
Nonstationary combination also can be moved into the Fourier domain to give:
where A(p,q) is given by equation (4) and G(f) is the Fourier transform of g(t) in analogy with equation (5).
Unlike stationary filters, both nonstationary convolution and combination can be written with "mixed domain" expressions where the nonstationary filter is applied simultaneously with the transform between domains. By taking the forward Fourier transform of equation (2), nonstationary convolution can be moved to the (f,τ) domain to give:
where
In the discrete case, α(p,v) is the 1-D Fourier transform down each column (i.e. along the row coordinate) of the nonstationary impulse response matrices shown in Figure  1 . Thus p is a frequency describing the spectrum of the impulse response for an impulse arriving at time v. Similarly, by inserting in equation (6), the expression for h(t) as an inverse Fourier transform of its spectrum, nonstationary combination can be moved into the (t,F) domain where it becomes:
and α(F,t) is also prescribed by equation (9). Thus, given a nonstationary filter prescribed in frequency and time, α(p,v), it may be applied simultaneously with the forward Fourier transform using equation (8) to give a nonstationary convolution. Alternatively, nonstationary combination applies the filter simultaneously with the inverse Fourier transform via equation (10). Equation (10) can be used to show that nonstationary combination can achieve an arbitrarily abrupt temporal change in the spectral content of the output filtered trace, a property not found with nonstationary convolution. This ability to change the spectral content of the output trace with arbitrary suddenness is a direct consequence of the fact that nonstationary combination changes the filter parameters as a function of output time. Nonstationary convolution cannot achieve such an abrupt change in the properties of the output trace because it varies the filter with input time. The overlap of the superimposed impulse responses softens any abrupt temporal changes in filter properties. Nonstationary combination may be closely approximated by a suitable temporal interpolation between a few stationary filtered results. Thus the limiting form of the method of time variant filtering by interpolating between stationary filter panels (Yilmaz, 1986, p25-26) is nonstationary combination and not nonstationary convolution.
Examples
Consider a specification for the amplitude spectrum of a nonstationary bandpass filter which has a 10-80 Hz passband at time zero and which grades linearly to a 10-40 Hz passband at time 1.0 seconds and is stationary thereafter. Such and amplitude spectrum can be combined with a zero phase spectrum or it can be made minimum phase by applying a Hilbert transform to the log amplitude spectrum at constant time. Figure 3 presents the results of applying these filters, with nonstationary convolution, to a sparse comb of samples of alternating sign. In addition to the minimum phase and zero phase cases, a result with linear phase variation, from 0 degrees at time 0 to 90 degrees at 1 second, is also shown. The time variance of the filter passband is readily apparent from the changing pulse width. The nonstationary phase of the minimum and linear phase filters is also easily discernible. Fourier wrap around of the non-causal filters is also evident. Had these filters been applied with nonstationary combination, the result would be very similar to that shown because the filters are only mildly nonstationary. Figure 4 is an example specifically chosen to contrast convolution and combination. The filter design contains an abrupt discontinuity in bandwidth at .5 seconds as shown in (a). In (b) is a synthetic reflectivity with a sequence of large spikes placed around the time of the filter discontinuity. Figure 4c is a minimum phase convolution of (a) with (b) and 4d is a minimum phase combination. Their difference is shown in 4e and is quite dramatic from .5 to .6 seconds. Also a close inspection of (c) and (d) near .5 seconds shows that the latter changes apparent frequency content abruptly at .5 seconds while the former does so gradually. Though nonstationary combination is not the direct scaled superposition of the filter impulse response, its ability to change the spectrum discontinuously with time makes it a potentially useful data processing tool. This does not violate the uncertainty principle in any way since that principle is an inequality governing the widths of a temporal function and its Fourier dual. In this context, the uncertainty principle merely places limits upon our ability to measure the spectral discontinuity after-the-fact with local Fourier spectra.
Conclusions
Two possible extensions of stationary convolution were developed and called nonstationary convolution and nonstationary combination. Nonstationary convolution directly constructs the scaled superposition of nonstationary impulse responses and, though nonstationary combination does not have this interpretation, both processes become ordinary convolution in the stationary limit. The major difference between convolution and combination is that the former prescribes the nonstationarity as a function of input time while the latter uses output time. Nonstationary combination is capable of achieving arbitrarily abrupt spectral changes in the output signal. The common practice of approximating a nonstationary filter by interpolation between a few stationary filter panels approaches nonstationary combination in the limit of a complete set of panels. Both nonstationary convolution and combination may be moved into the Fourier domain where they are also nonstationary filter integrals. This result contains the stationary convolution theorem as a special case. In the discrete case, a general nonstationary spectral matrix contains off-diagonal power which describes the temporal variation of the filter. The stronger the nonstationarity, the broader the band of significant power about the diagonal. The stationary case reduces to a diagonal spectral matrix with the stationary filter spectrum along the diagonal. Both processes may also be applied in a mixed timefrequency domain. Here the nonstationary filter is applied simultaneously with the transformation between domains. This theory is capable of applying any nonstationary filter with arbitrary time and frequency variation of the amplitude and phase spectra. The four possible application domains ( (t,τ), (f,F), (t,F), and (f,τ) ) as well as the two possible application methods (convolution and combination) allow considerable latitude in filter optimization for both performance and efficiency. The simple and natural connection of this theory with ordinary stationary filter theory allows stationary filter design techniques and concepts such as minimum phase to be easily extended into the nonstationary realm. All of this theory is accomplished using only ordinary (stationary) Fourier transforms and generalized convolution integrals. Nonstationary transforms such as the wavelet transform are not required. The time variant bandpass filter and the forward Q filter used as examples are only two of many possible applications of this theory. Other possibilities include: wavefield extrapolation through complex media, NMO removal, Kirchhoff migration, Stolt's f-k migration mapping, and inverse Q filtering. There are many potential applications of this technique including seismic modeling, time variant filtering, nonstationary deconvolution, and depth migration. Margrave and Schoepp (1997) show a nonstationary deconvolution application and Margrave and Ferguson (1997) show wavefield extrapolation as a nonstationary filtering application. Fig. 1 . The nonstationary impulse response matrix is shown in a case in which it actually is stationary (A) and when it is nonstationary (B). For these matrices, black represents a large positive number, white a large negative, and medium gray is zero.
S ta tio nary
Nonst ationary is the amplitude spectrum used (the discontinuity is at .5 seconds), (b) is a reflectivity sequence to be filtered, (c) is a minimum phase convolution of (a) with (b), (d) is a minimum phase combination, and (e) is the difference of (d) from (c).
